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The system of balance laws of mass, momentum and energy for a viscous,
Ž .heat-conductive, one-dimensional real gas Navier-Stokes equations is considered.
The existence of globally defined smooth solution to an initial boundary value
problem is established. Because of the boundary conditions' effect, vacuum will be
developed as time tends to infinity. Q 1999 Academic Press
Ž .Key Words: global local existence; a priori estimate; large time behavior.
1. INTRODUCTION
In this paper, we consider the global existence and the asymptotic
behavior of smooth solutions to initial boundary value problems in the
dynamics of a one-dimensional, viscous, heat-conductive real gas. The
Ž .referential Lagrangian form of the conservation laws of mass, momentum
and energy can be written as Navier]Stokes equations:
u y ¤ s 0¡ t x
¤ y s s 0t x~ 1.1Ž .2¤
e q y s ¤ q q s 0Ž . x x¢ž /2 t
while the second law of thermodynamics is expressed by Clausius]Duhem
inequality
q
h q G 0. 1.2Ž .t ž /u x
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Here u, ¤ , s , e, h, u and q denote the specific volume, the velocity, the
stress, the specific internal energy, the specific entropy, the temperature
and the heat flux, respectively. Note that u, e and u may only take positive
values.
Ž .  4We shall consider the system 1.1 in the region 0 F x F 1, t G 0 under
the initial conditions
u x , 0 s u x ) 0, ¤ x , 0 s ¤ x , u x , 0 s u x ) 0,Ž . Ž . Ž . Ž . Ž . Ž .0 0 0
1.3Ž .
and the boundary conditions
q 0, t s q 1, t s 0, t G 0, 1.4Ž . Ž . Ž .
¤ 0, t s 0, s 1, t s 0, t G 0. 1.5Ž . Ž . Ž .
Ž . Ž .Condition 1.4 implies that the ends are thermally insulated. 1.5 means
that one end of the gas is put in a vacuum while the other is fixed.
Here we consider the Newtonian fluid:
m u , uŽ .
s u , u , ¤ s yp u , u q ¤ 1.6Ž . Ž . Ž .x xu
satisfying the Fourier law of the heat flux
k u , uŽ .
q u , u , u s y u . 1.7Ž . Ž .x xu
The internal energy e and the pressure p are interrelated by
e u , u s yp u , u q u p u , u 1.8Ž . Ž . Ž . Ž .u u
Ž . w x w xin order to comply with 1.2 . This model can be found in 1 and 2 .
We assume that e, p, s and k are twice continuously differentiable on
0 - u - ‘, and 0 F u - ‘. As regards growth with respect to the tempera-
w xture we require that there are exponents r g 0, 1 , 1 q r F s - 5.5 q 4.5r
and positive constants n , p , k , and for any u ) 0 there are positive1 0
Ž . Ž . Ž .constants N u , p u , and k u such that for u G u and u G 0, the2 1
following conditions hold:
0 F e u , 0 , n 1 q u r F e u , u F N u 1 q u r 1.9Ž . Ž . Ž . Ž . Ž . Ž .u
p l q 1 y l u q u 1q r F pu F p u l q 1 y l u q u 1q rŽ . Ž . Ž .Ž . Ž .1 2
l s 0 or 1 1.10Ž . Ž .
p F 0 1.11Ž .u
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< < 1q r < < rp F N u 1 q u , p F N u 1 q u 1.12Ž . Ž . Ž . Ž . Ž .u u
k 1 q u s F k u , u F k u 1 q u s 1.13Ž . Ž . Ž . Ž . Ž .0 1
sk u , u q k u , u F k u 1 q u . 1.14Ž . Ž . Ž . Ž . Ž .u uu 1
Note that for an ideal gas, r s 0, and l s 0, where
u ¤ ux x
e s cu , s s yR q m , q s yk , 1.15Ž .
u u u
Ž .with suitable positive constants c, R, m and k. For the ideal gas 1.15 ,
w xNagasawa 3 has investigated the global existence and the large time
Ž . Ž . Ž .behavior of the smooth solution to the problem 1.1 , 1.3 ] 1.5 . So, in this
paper, we just consider r ) 0.
w x w xThe above growth conditions are motivated by the facts in 1 and 2 ,
where it is pointed out that e grows as u 1q r with r f 0.5 and k increases
s w xlike u with s g 4.5, 5.5 . It is well known that a real gas is well approxi-
Ž .mated by an ideal gas within a moderate range of u and u , but 1.15
become inadequate for high temperature and densities.
For technical reasons we require that
m u , u ’ m . 1.16Ž . Ž .0
w x w xUnder the similar assumptions mentioned above Kawohl 4 , Jiang 5
w xand Pan 12 established the existence of global smooth solutions to some
other initial boundary value problem for real gas. Recently, Hsiao and Luo
w x w x w x6 , Jiang 7 and Pan 12 have succeeded in the large time behavior to
Ž .some boundary conditions different from 1.5 .
The main results of this paper are as follows.
Ž . Ž . Ž .THEOREM 1.1. Under the assumptions 1.6 ] 1.14 and 1.16 , and the
compatibility between the initial data and the boundary conditions, if
X X Y X Y a w x w xu , u , ¤ , ¤ , ¤ , u , u , u g C 0, 1 for some a g 0, 1 , then there exists a0 0 0 0 0 0 0 0
 Ž . Ž . Ž .4 Ž .unique solution u x, t , ¤ x, t , u x, t with positi¤e u and u to 1.1 ,
Ž . Ž . w x w .1.3 ] 1.5 on 0, 1 = 0, ‘ such that for e¤ery T ) 0, u, u , u ,x t
a , a r2Ž . 2Ž .u , ¤ , ¤ , ¤ , ¤ , u , u , u , u g C Q , u , ¤ , u g L Q , wherex t x t x x x t x x T t t x t x t T
w x w xQ s 0, 1 = 0, T .T
THEOREM 1.2. Under the same assumptions as in Theorem 1.1, we ha¤e
1
u x , t dx F C 1 q t , for t G 0 1.17Ž . Ž . Ž .H
0
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and
H1u x , t dxŽ .0
lim sup s q‘ 1.18Ž .
log tt“q‘
where C ) 0 is a constant independent of t.
We will prove Theorem 1.1 and Theorem 1.2 in Section 2 and 3,
respectively.
w xThe corresponding results of ideal gas 3 depend crucially on the much
Ž . w xsimpler relations 1.15 . Compared to 4]7 , we have to deal with new
difficults here due to the different boundary conditions. To prove the
global existence, we have to find new methods to control the effects of
boundary conditions. To bound u uniformly from below and H1u dx from0
t < xs1up which is equivalent to H ¤ dt , we make use of an idea of Kazhikhovxs00
to give a representation of solutions, since we cannot get those estimates
from the energy equality directly. To investigate the large time behavior,
w xwe modify the ideal of 3 and employ an argument of contradiction with
the help of a function constructed by the Helmholtz free energy function.
Ž . Ž .It should be noted that our assumptions on p u, u and k u, u are weaker
Ž w x.than the original ones see 4]7 , where they need the following condi-
tions:
yp l q 1 q l u q u 1q r F p u2 F yp l q 1 y l u q u 1q rŽ . Ž .Ž . Ž .3 u 4
either for l s 0 or for l s 1, but we assume p F 0 instead in the presentu
w xpaper. Compared to 12 , because of the different boundary conditions, we
also have to find a new method to get a priori estimates.
2. GLOBAL EXISTENCE
To establish the global existence, it suffices to prove the following a
priori estimates, i.e., Theorem 2.1, since we could use a procedure similar
w x Ž w x.to that devised by Dafermos and Hsiao 8 also 9, 4 and then obtain
Theorem 1.1.
 4THEOREM 2.1. Let u, ¤ , u be a smooth solution as described in Theo-
w xrem 1.1; then for t g 0, T , we ha¤e
u , u , u , u q ¤ , ¤ , ¤ , ¤ q u , u , u , u F LŽ . Ž . Ž .x t x t x t x x x t x xa a a
where L depends at most on T , the parameters of the system, the upper
bounds of the C a-norm of initial data u , uX , ¤ , ¤ X , ¤Y , u , u X , u Y, and on0 0 0 0 0 0 0 0
Ž .min u x . Furthermore, 0 - u F u F u, and 0 - u F u F u for somew0, 1x 0
positi¤e constants u, u, u , u , depend on the quantities cited abo¤e and u also
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Ž . A Aon min u x , u is independent of T. The notation ? is the norm ofaw0, 1x 0
a , a r2Ž . w x w xC Q , while Q s 0, 1 = 0, T .T T
To pro¤e Theorem 2.1, we need a sequence of estimates in which « , « , «1 2
all denote positi¤e constants that can be suitably small, and L denotes a
generic constant that depends on the quantities listed in Theorem 2.1, while C
is independent of t.
Ž . Ž .Using 1.6 we can write 1.1 as2
¤ x¤ q p u , u s m 2.1Ž . Ž .xt 0ž /u x
Ž . Ž . Ž . Ž .while combining 1.1 with 1.1 , utilizing 1.6 ] 1.8 , we ha¤e3 2
¤ 2 k u , uŽ .x
e u , u u q u p u , u ¤ y m s u . 2.2Ž . Ž . Ž .u t u x 0 xž /u u x
Ž .A consequence of the maximum principle applied to 2.2 is the following
lemma.
Ž . w x w .LEMMA 2.1. u x, t ) 0 on 0, 1 = 0, ‘ .
Ž . Ž . Ž .Integrating 1.1 over Q , using 1.4 ] 1.5 , we obtain the energy3 t
equality
¤ 2 ¤ 21 1
e q x , t dx s e q x , 0 dx ’ e . 2.3Ž . Ž . Ž .H H 0ž / ž /2 20 0
Ž . Ž .Combining 1.9 with 2.3 leads to
1 1q ru q u x , t dx F C. 2.4Ž . Ž . Ž .H
0
w xNext, we adopt and modify an idea of Kazhikhov 10 for the polytropic
ideal gas to give a representation of solutions for real gas.
Ž . Ž . Ž .LEMMA 2.2. For the problem 1.1 , 1.3 ] 1.5 we ha¤e the following
representation:
u x , t s u x A x , t B x , t 2.5Ž . Ž . Ž . Ž . Ž .0
where
1 t
A x , t [ exp p u , u dt 2.6Ž . Ž . Ž .Hž /m 00
1 1
B x , t [ exp y ¤ z , t y ¤ z dz . 2.7Ž . Ž . Ž . Ž .Ž .H 0ž /m x0
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Ž .Proof. We can write 2.1 as
¤ q p s m log u 2.8Ž . Ž .x tt x 0
w x w xIntegrating it over x, 1 = 0, t , we have
t 1
m log u x , t s m log u x q p dt y ¤ z , t y ¤ z dzŽ . Ž . Ž . Ž .Ž .H H0 0 0 0ž /0 x
2.9Ž .
Ž .which, upon taking the exponential, turns into 2.5 .
LEMMA 2.3.
u x , t G u ) 0, ; t G 0 2.10Ž . Ž .
where u is independent of t
Ž . Ž .Proof. By the definition of B x, t , as a result of 2.3 and Schwarz's
inequality, we have
y1 w x0 - C F B x , t F C , ; x g 0, 1 , t G 0 2.11Ž . Ž .
Ž .Hence, noting that p u, u G 0, we have
u x , t G Cy1 min u x [ u ) 0.Ž . Ž .0
w x0, 1
LEMMA 2.4.
1 w xu x , t dx F L , ; t g 0, T . 2.12Ž . Ž .H
0
Proof. Using Lemma 2.2, we have
dY x , t 1Ž .
s up u , u x , t . 2.13Ž . Ž . Ž .
dt m u x B x , tŽ . Ž .0 0
This implies that
1t
Y x , t s 1 q up u , u x , t dt 2.14Ž . Ž . Ž . Ž .H
m u x B x , tŽ . Ž .0 0 0
Ž . Ž . Ž .Then integrating 2.5 using 1.10 and 2.4 , we obtain
1 t 1
u x , t dx F C q C pu dx dtŽ .H H H
0 0 0
t 1 1q rF C q C 1 q u dx dtŽ .H H
0 0
2.15Ž .
F C q Ct
F L .
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Now we exploit some relations associated with the second law of
thermodynamics to derive estimates for solutions.
LEMMA 2.5. We ha¤e
¤ 2 1 q u sŽ .1 t 1 x 2u y log u y 1 dx q q u dx dt F L ,Ž .H H H x2ž /uu uu0 0 0
w x; t g 0, T
2.16Ž .
Ž .Moreo¤er, let b and b be two positi¤e roots of the equation1 2
u y log u y 1 s L .
w x Ž . w xThen ; t g 0, T there is an a t g 0, 1 such that
0 - b F u a t , t F b . 2.17Ž . Ž .Ž .1 2
Furthermore, the following estimates hold
1 w x0 - b F u x , t dx F b , ; t g 0, T . 2.18Ž . Ž .H1 2
0
Ž . Ž . Ž .Proof. Let c u, u s e u, u y uh u, u denote the Helmholtz free
energy function. By virtue of e s uh and h s p , which hold as au u u u
Ž w x.consequence of the Clausius]Duhem inequality see 1 , it is known that
c u , u s yh u , u , c u , u s yp u , u ,Ž . Ž . Ž . Ž .u u
2.19Ž .
uc u , u s ye u , u .Ž . Ž .uu u
Denote
E u , u s c u , u y c 1, 1 y c 1, 1 u y 1 y u y 1 c u , u .Ž . Ž . Ž . Ž . Ž . Ž . Ž .u u
2.20Ž .
After a straightforward calculation one deduces that
¤ 2 m ¤ 2 k u , u u 2Ž .0 x x
› E u , u q q qŽ .t 2ž /2 uu uu
u y 1 k u , u uŽ . xs s ¤ q p 1, 1 ¤ q . 2.21Ž . Ž . Ž .x x ž /u u x
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Ž .Integrating 2.21 over Q , we arrive att
¤ 2 m ¤ 2 k u , u u 2Ž .1 t 1 0 x x
E u , u q x , t dx q q dx dtŽ . Ž .H H H 2ž / ž /2 uu uu0 0 0
1 1
s p 1, 1 u x , t dx y u x dxŽ . Ž . Ž .H H 0ž /0 0
¤ 21 0q E u , u q dx 2.22Ž . Ž .H 0 0ž /20
which with Lemma 2.4 implies that
¤ 2 ¤ 2 1 q u sŽ .1 t 1 x 2E u , u q x , t dx q q u dx dt F L .Ž . Ž .H H H x2ž / ž /2 uu uu0 0 0
2.23Ž .
Ž . Ž . Ž .It follows from Taylor's theorem, 2.19 and 1.9 ] 1.11 that
E u , u y c u , u q c u , 1 q u y 1 c u , uŽ . Ž . Ž . Ž . Ž .u
12 2.24Ž .s u y 1 1 y t c 1 q t u y 1 , 1 dtŽ . Ž . Ž .Ž .H uu
0
G 0
c u , u y c u , 1 y u y 1 c u , uŽ . Ž . Ž . Ž .u
r
1 y t 1 q u q t 1 y uŽ . Ž .Ž .12G n 1 y u dt 2.25Ž . Ž .H
u q t 1 y uŽ .0
G n u y log u y 1Ž .
So
E u , u G n u y log u y 1 2.26Ž . Ž . Ž .
Ž .and 2.16 follows. Applying Jensen's inequality to the convex function
y y log y y 1, and using the mean value theorem, then we can obtain
Ž . Ž .2.17 ] 2.18 .
LEMMA 2.6.
w xu x , t F L , ; t g 0, T . 2.27Ž . Ž .
Ž . Ž . Ž . Ž .Proof. By virtue of Schwarz's inequality, 2.10 , 2.12 and 2.16 ] 2.17
we find
1Ž1qr .r2 Ž1qr .r2 Ž ry1.r2< <u x , t y u a t , t F C u u dxŽ . Ž .Ž . H x
0
1r22 ry1u u1 xF L dx 2.28Ž .Hž /u0
F LV 1r2 tŽ .
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where
1 q u s1 2V t s u x , t dx. 2.29Ž . Ž . Ž .H x2uu0
Then
b 1q r1 1qr 1qry LV t F u x , t F 2b q LV t 2.30Ž . Ž . Ž . Ž .
2
Ž .which, combined with Lemma 2.3, Lemma 2.2, 1.10 and Lemma 2.5,
implies that
1 t
u x , t F C exp p u , u dtŽ . Ž .H½ 5m 00
t 1q rF L exp C 1 q u dtŽ .H½ 5
0
t
F L exp L V t dtŽ .H½ 5
0
F L .
Then combining Lemma 2.5 with Lemma 2.6, we have
T 1 T 1y1 2 s y2 2u ¤ dx Dt q 1 q u u u dx dt F L . 2.31Ž . Ž .H H H Hx x
0 0 0 0
1, 1w x ‘w xBy use of W 0, 1 ¤ L 0, 1 and Young's inequality, we have
1 1s s sy1 < <max u F u dx q C u u dxH H x
w x0, 1 0 0
1 1s sy2 2< <F C u dx q C u u dxH H x
0 0
1sy1 sy2 2F C max u q u u dxH x
w x0, 1 0
1
sF C q max u q V t . 2.32Ž . Ž .
2 w x0, 1
Hence
T smax u x , t dt F L . 2.33Ž . Ž .H
w x0, 10
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Next we proceed to get estimates concerning derivatives of solutions.
LEMMA 2.7.
1 2max u dx F L 2.34Ž .H x
w x0, T 0
Ž . Ž .Proof. We multiply 2.8 by m log u y ¤ , then integrate it over Q ,0 x t
Ž . Ž . Ž . Ž . Ž .noting u s u log u , and using 1.12 ] 1.13 , 2.3 , 2.31 and Schwarz'sx x
inequality, we can show
1 2
m log u y ¤ dxŽ .H x0
0
t 1 21qrF L q L max 1 q u m log u y ¤ dx dt .Ž . Ž .H H x0
w x0, 10 0
Ž .Applying Gronwall's inequality and 2.33 , we have
1 2
m log u y ¤ dx F LŽ .H x0
0
Ž . Ž .which, with 2.3 and Schwarz's inequality together, implies 2.34 .
LEMMA 2.8.
t 1 2¤ dx dt F L 2.35Ž .H H x
0 0
Ž .Proof. We multiply 1.1 by ¤ , then integrate it over Q . Integrating by2 t
parts with respect to x, we deduce
1 1 t 12 y1 2¤ x , t dx q m u ¤ dx dtŽ .H H H 0 x2 0 0 0
mt 1 t 102 2F L q L p dx dt q ¤ dx dt .H H H H x2u0 0 0 0
Hence
t 1 t 12 1qr 1qr¤ dx dt F L q L max 1 q u 1 q u dx dtŽ . Ž .H H H Hx
w x0, 10 0 0 0
F L .
w x w xUsing the same proof as in 4 and 5 which is based on the idea of
w xDafermos 9 , we get the following estimates.
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Ž xLEMMA 2.9. The following estimates hold for r g 0, 1 :
T 1 yr 2u ¤ dx dt F L 2.36Ž .H H x
0 0
T 1 s y1yr 21 q u u u dx dt F L 2.37Ž . Ž .H H x
0 0
T 1 Tsq3qr sq2u dx dt q max u dt F L . 2.38Ž .H H H
w x0, 10 0 0
In the sequel we make use of the bounds obtained to estimate several
integrals in terms of
T 1 sqr 2X [ 1 q u u dx dt 2.39Ž . Ž .H H t
0 0
1 2 s 2Y [ max 1 q u u dx 2.40Ž . Ž .H x
w x0, T 0
1 2Z [ max ¤ x , t dx 2.41Ž . Ž .H x x
w x0, T 0
which will eventually turn out to be bounded.
1, 1w x ‘w x Ž .By W 0, 1 ¤ L 0, 1 , 2.4 and Schwarz's inequality one can get
max u 2 sq2 x , tŽ .
w x0, 1
1r2 1r2
1 1 12 sq1 2 s 2 2 sq2F max u u dx q L u u dx u dxH H Hxž / ž /w x0, 1 0 0 0
F L max u 2 sq1 q LY 1r2 max u sqŽ1r2.yŽ rr2.
w x w x0, 1 0, 1
then max u Ž2 sq3qr .r2 F L q LY 1r2 which implies thatw0, 1x
max u F L q LY 1rŽ2 sq3qr . . 2.42Ž .
QT
Combining
1 12 2 < < < <¤ y , t F ¤ x , t dx q 2 ¤ ¤ dx , 0 F y F 1 2.43Ž . Ž . Ž .H Hx x x x x
0 0
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with the standard interpolation estimate
1r2 1r2
1 1 1 12 2 2 2¤ dx F L ¤ x , t dx q L ¤ dx ¤ dx 2.44Ž . Ž .H H H Hx x xž / ž /0 0 0 0
Ž .and using 2.3 , one obtains
< < 3r8max ¤ F L q LZ 2.45Ž .x
QT
and
1 2 1r2max ¤ dx F L q LZ . 2.46Ž .H x
Q 0T
LEMMA 2.10.
1 T 12 2 3r4max ¤ x , t dx q ¤ x , t dx dt F L q LZ q L X . 2.47Ž . Ž . Ž .H H Ht x t
w x0, T 0 0 0
Ž .Proof. Differentiating 1.1 formally with respect to t, multiplying by2
¤ and integrating over Q , integrating by parts with respect to x, using thet t
above results and Schwarz's inequality, we have
1 m1 t 1 t02 2 2¤ x , t dx q ¤ dx dt q ¤ 0, t dtŽ . Ž .H H H Ht x t t2 2u0 0 0 0
t 1 22 2 2 2 y1 4F L q L p ¤ q p u q m u ¤ dx dtH H ½ 5u x u t 0 xu
0 0
t 1 2q2 r 2 2 r 2 4F L q L 1 q u ¤ q 1 q u u q ¤ dx dtŽ . Ž . 4H H x t x
0 0
F L q LZ 3r4 q L X .
LEMMA 2.11.
X q Y F L q «Z. 2.48Ž .
Ž . u ŽŽ Ž .. .Proof. Denote K u, u s H k u, j ru dj and consider K to be a0
Ž .function of x and t. Multiplying 2.2 by K and integrating over Q byt t
parts, we have
t 1 t 1y1 2 y1e u q u p ¤ y m u ¤ K dx dt q ku u K dx dt s 0.Ž .H H H Hu t u x 0 x t x x t
0 0 0 0
2.49Ž .
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It is easy to show that
K s K ¤ q kuy1u 2.50Ž .t u x t
K s kuy1u q K ¤ q K ¤ u q kuy1 u u . 2.51Ž . Ž .Ž . ux t x u x x uu x x x tt
Ž .Moreover, 1.14 implies
< < < < sq1K q K F L 1 q u . 2.52Ž . Ž .u uu
Ž . ² : ² :Next, we prove 2.48 by 1 y 8 .
n kt 1 0y1² :1 e u ku u dx dt G X 2.53Ž .H H u t t u0 0
Ž . Ž .using 1.9 , 1.13 , it is easy to prove.
2n k kt 1 0 0² :2 e u K ¤ dx dt F X q Y q L . 2.54Ž .H H u t u x 2u 4u0 0
Ž . Ž . Ž . Ž .By virtue of 1.9 , 2.52 , 2.42 and 2.35 , we get
t 1
e u K ¤ dx dtH H u t u x
0 0
t 1 r sq1F L 1 q u u 1 q u ¤ dx dtŽ . Ž .H H t x
0 0
n k t 10 rqsq2 2F X q L 1 q max u ¤ dx dtH H xž /2u Q 0 0T
n k k 20 0F X q Y q L .
2u 4u
2 2m ¤ n k kt 1 0 x 0 0² :3 K dx dt F X q Y q eZ q L . 2.55Ž .H H t 2u 4u 8u0 0
It is easy to see that
m ¤ 2t 1 0 x
K dx dtH H tu0 0
m ¤ 2 m m1 t 10 x 0 0t 2 2<s K dx y K ¤ y K ¤ dx dt .Ž .H 0 H H x x tž /ž /u u ut0 0 0
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Ž . Ž . Ž . Ž .Using 1.13 , 2.10 , 2.45 and 2.42 ,
m1 10 2 sq1 2¤ K dx F L 1 q max u ¤ dxH Hx xž /u Q0 0T
F L 1 q Y Ž sq1.rŽ2 sq3qr . L q LZ1r2Ž . Ž .
F L q « Y q «Z.2
At the same time, we can get
mt 1 t 10 2 sq1 3< <K ¤ dx dt F L 1 q u ¤ dx dtŽ .H H H Hx xž /u t0 0 0 0
t 1 2< <F L max ¤ ¤ dx dtH Hx x
Q 0 0T
t 1sq1 2< <q L max u max ¤ ¤ dx dtH Hx x
Q Q 0 0T T
F L q «Z q « Y .2
Ž . Ž . Ž . Ž . Ž .Using 1.13 , 2.10 , 2.35 , 2.42 and 2.47 , we obtain
mt 1 t 10 2 sq1 < < < <K ¤ dx dt F L 1 q u ¤ ¤ dx dtŽ .Ž .H H H Hx x x ttu0 0 0 0
t 1 2 sq2 2F L 1 q u ¤ dx dtŽ .H H x
0 0
t 1 2q « ¤ dx dtH H x t
0 0
t 12 sq2 2F L 1 q max u ¤ dx dtH H xž /
Q 0 0T
q « L q LZ 3r4 q L XŽ .
F L q « Y q « X q «Z.2 1
Hence,
mt 1 0 2¤ K dx dt F « X q « Y q «Z q LH H x t 1 2u0 0
n k k 20 0F X q Y q «Z q L .24u 8u
2n k kt 1 0 0² :4 u p ¤ K dx dt F X q Y q L . 2.56Ž .H H u x t 28u 16u0 0
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Ž .By 2.50 , we have
t 1
u p ¤ K dx dtH H u x t
0 0
t 1 t 12 y1< < < <F u p ¤ K dx dt q ku u p ¤ u dx dtH H H Hu x u u x t
0 0 0 0
Ž . Ž . Ž .Using 1.12 , 2.52 and 2.42 , we get
t 1 t 12 1qr 1qs 2< <u p ¤ K dx dt F L u q u 1 q u ¤ dx dtŽ . Ž .H H H Hu x u x
0 0 0 0
t 1rqsq2 2F L 1 q max u ¤ dx dtH H xž /
Q 0 0T
F L q LY Ž rqsq2.rŽ2 sq3qr . .
Ž . Ž . Ž . Ž .Using 2.10 , 1.13 , 1.12 and 2.42 ,
kt 1
u p ¤ u dx dtH H u x tu0 0
t 1 1q r s < < < <F L u q u 1 q u ¤ u dx dtŽ . Ž .H H x t
0 0
t 1rqsq2 2F « X q L 1 q max u ¤ dx dtH H1 xž /
Q 0 0T
F « X q LY Ž rqsq2.rŽ2 sq3qr . q L .1
Then, we have
t 1 Ž rq2qs.rŽ2 sq3qr .u p ¤ K dx dt F L q LY q « XH H u x t 1
0 0
n k k 20 0F X q Y q L .28u 16u
k k k 2t 1 0² :5 u u dx dt G Y y L . 2.57Ž .H H x x 2ž /u u 2u0 0 t
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Ž . Ž .By 1.13 and 2.10 , we can get
t2 2k k k ut 1 1 x
u u dx dt s dxH H Hx x 2ž /u u 2u 00 0 0t
k 2 10 2 s 2G 1 q u u dx y LŽ .H x22u 0
k 20G Y y L .22u
2k kt 1 0² :6 u K ¤ dx dt F Y q «Z q L 2.58Ž .H H x u x x 2u 32u0 0
Ž . Ž . Ž . Ž . Ž . Ž .By virtue of 1.13 , 2.10 , 2.52 , 2.42 , 2.37 , 2.38 and Holder's Inequal-È
ity, we have
kt 1
u K ¤ dx dtH H x u x xu0 0
1r2 1r2
t 1 t 1sq2 2 3 s 2F L 1 q u ¤ dx dt 1 q u u dx dtŽ . Ž .H H H Hx x xž / ž /0 0 0 0
1r2
T sq2F 1 q max u dt ZHž /ž /w x0, 10
1r2
t 12 sq1qr s y1yr 2= max u 1 q u u u dx dtŽ .H H xž /Q 0 0T
F LZ1r2 Y Ž2 sq1qr .rŽ2Ž2 sq3qr ..
k 20F Y q «Z q L .232u
2k kt 1 0² :7 u K ¤ u dx dt F Y q «Z q L . 2.59Ž .H H x uu x x 2u 64u0 0
Ž . Ž . Ž . Ž . Ž . Ž .By virtue of 2.10 , 1.13 , 2.52 , 2.37 , 2.38 and 2.34 , we get
kt 1
u K ¤ u dx dtH H x uu x xu0 0
1r2
t 1 sq2 2< <F L max ¤ 1 q u u dx dtŽ .H Hx xž /Q 0 0T
t 1 1r23 s 2= 1 q u u dx dtŽ .H H xž /0 0
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1r2
t 13r8 sq2 2F LZ 1 q max u dt max u dxH H xž / ž /ž /w x w x0, 1 0, T0 0
1r2
t 1 3 s 2= 1 q u u dx dtŽ .H H xž /0 0
k 20F Y q «Z q L .264u
k kt 1² :8 u u u dx dtH H x x tž /u u0 0 u
n k k 20 0F X q Y q «Z q L . 2.60Ž .216u 128u
Ž .Using Young's Inequality and 2.34 , we can get
k kt 1
u u u dx dtH H x x tž /u u0 0 u
2n k kt 10 syr 2F X q L u 1 q u u dx dtŽ .H H x xž /32u u0 0
2n k kt0 syrF X q L 1 q max u max u dt .H xž / ž /32u uQ w x0, 10T
1, 1w x ‘w x Ž . Ž . Ž .By use of W 0, 1 ¤ L 0, 1 , and using 2.2 , 1.9 ] 1.14 , we have
2kt
max u dtH xž /uw x0, 10
2k k kt 1 t 1
F L u dx dt q L u u dx dtH H H Hx x xž / ž /u u u0 0 0 0 x
1r22kt 1sq1qr sq1qrF L max u q L 1 q u u dx dtŽ .H H xž /ž /uQ 0 0T x
t 1sq1qr sq1qrF L max u q L 1 q uŽ .H HžQ 0 0T
1r2
2 r 2 2 2 r 2 4= 1 q u u q u 1 q u ¤ q ¤ dx dtŽ . Ž .Ž .t x x /
F L max u sq1qr q L max u Ž2 rq1.r2 X 1r2 q L 1 q max u Ž sq3q3 r .r2ž /
Q Q QT T T
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q L 1 q max u Ž sq1qr .r s Z 3r8.ž /
QT
Using the above results, and noting that s - 5.5 q 4.5r, we have
k kt 1
u u u dx dtH H x x tž /u u0 0 u
n k0 syr sq1qr Ž2 rq1.r2 1r2F X q L 1 q max u L max u q L max u Xž / ž32u Q Q QT T T
qL 1 q max u Ž sq3q3 r .r2ž /
QT
qL 1 q max u Ž sq1qr .r2 Z 3r8ž / /QT
n k k 20 0F X q Y q «Z q L .216u 128u
Ž . Ž .By virtue of 2.53 ] 2.60 , we get
X q Y F «Z q L .
LEMMA 2.12.
Z F L . 2.61Ž .
Proof. We can bound Z as follows:
u m0¤ s ¤ q p y u ¤x x t x x x½ 5m u u0
2w xwhich are estimated in L 0, 1 , using
1 22 2 2 2 y1 2 2p u q p u q m u u ¤ dx F L q «Z.H ž /u x u x 0 x xu
0
Therefore Z F L q «Z, i.e., Z F L.
Now we can easily get the following.
LEMMA 2.13. X, Y, Z and u are a priori bounded from abo¤e, and so are
Ž . Ž .the quantities in 2.45 ] 2.47 .
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As an immediate consequence of maximum principle, we have
LEMMA 2.14.
0 - u F u F u . 2.62Ž .
LEMMA 2.15.
1 2max u x , t dx F L 2.63Ž . Ž .H t
w x0, T 0
T 1 2u x , t dx dt F L 2.64Ž . Ž .H H x t
0 0
1 2max u x , t dx F L . 2.65Ž . Ž .H x x
w x0, T 0
Proof. The proof of this Lemma is similar to that of Dafermos and
w xHsiao 8 , so we omit it.
Ž w x.Then by the standard procedure see 8 we can get the HolderÈ
estimates described in Theorem 2.1 and the proof of Theorem 1.1 is
completed.
3. THE LARGE TIME BEHAVIOR
w xTo prove Theorem 1.2, we modify an idea of Nagasawa 3 for the
polytropic ideal gas to get the following lemma.
LEMMA 3.1.
t 1 12¤ q up u , u x , t dx dt F C u x , t dx q 1 . 3.1Ž . Ž . Ž . Ž .Ž .H H Hž /0 0 0
Ž . w x Ž w x.Proof. Integrating 1.1 over x, 1 x g 0, 1 , using the boundary2
conditions and then multiplying by u, we obtain
1
up u , u x , t s m u q u x , t ¤ y , t dy . 3.2Ž . Ž . Ž . Ž . Ž .H0 t ž /x t
Integrating it over Q , we havet
t 1 1
up u , u x , t dx dt s m u x , t y u x dxŽ . Ž . Ž . Ž .Ž .H H H0 0
0 0 0
t 1 1
q u x , t ¤ y , t dy dx dt .Ž . Ž .H H Hž /0 0 x t
3.3Ž .
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Ž .We integrate the last term on the right-hand side of 3.3 as follows:
t 1 1
u x , t ¤ y , t dy dx dtŽ . Ž .H H Hž /0 0 x t
tst
1 1 t 1 2s u x , t ¤ y , t dy dx y ¤ dx dt . 3.4Ž . Ž . Ž .H H H Hž /0 x 0 0ts0
Ž . Ž . Ž .We combine 3.3 ] 3.4 using 2.3 and Schwarz's inequality to obtain
t 1 2pu q ¤ dx dtŽ .H H
0 0
tst
1 1 1
s m u x , t y u x dx q u x , t ¤ y , t dy dxŽ . Ž . Ž . Ž .Ž .H H H0 0 ž /0 0 x ts0
1 1 1
F m u x , t dx q C q u x , t ¤ y , t dy dxŽ . Ž . Ž .H H H0
0 0 x
1
F C 1 q u x , t dx . 3.5Ž . Ž .Hž /0
Ž .We note that in the case when l s 1 in the assumption 1.10 we have,
by Lemma 3.1, that
1 t 1
C u x , t dx q 1 G up dx dt G p t . 3.6Ž . Ž .H H H 1ž /0 0 0
Ž .Moreover, we know from 2.15 that
1
u x , t dx F C 1 q t . 3.7Ž . Ž . Ž .H
0
Ž .Therefore, to prove Theorem 1.2, it is sufficient to show that 1.18 holds
Ž .for l s 0 in 1.10 . We prove it by contradiction.
Ž .Similar to 2.20 , we define
E u , u s c u , u y c n , 1 y c n , 1 u y n y u y 1 c u , uŽ . Ž . Ž . Ž . Ž . Ž . Ž .n u u
3.8Ž .
where n ) 0 is a constant determined later. The same calculations as used
Ž .for 2.26 yield
E u , u G n u y log u y 1 . 3.9Ž . Ž . Ž .n
BEHAVIOR OF THE ONE-DIMENSIONAL NAVIER]STOKES EQUATIONS 415
Ž .By the same procedure as used in the derivation of 2.22 , we have
11 2E u , u q ¤ x , t dxŽ . Ž .H nž /20
1 1
F p n , 1 u x , t dx y u x dxŽ . Ž . Ž .H H 0ž /0 0
11 2q E u , u q ¤ x , 0 dx. 3.10Ž . Ž . Ž .H nž /20
Ž . w xIntegrating 3.9 over 0, 1 and applying Jensen's inequality to the convex
function y y log y y 1, we deduce that
1 1
u x , t dx y log u x , t dx y 1Ž . Ž .H H
0 0
p n , 1Ž . 1
F u x , t dx q C 1 q p n , 1 . 3.11Ž . Ž . Ž .Ž .H
n 0
Ž .If 1.18 does not hold, then there are constants T , C ) 0 such that0 1
1
u x , t dx F C log t , ; t G T . 3.12Ž . Ž .H 1 0
0
Ž . Ž .By 1.10 and Lemma 2.3 we know that p n, 1 F 2 p rn. We choose2
Ž . Ž .n s 4 p C rn and substitute with 3.12 into 3.11 to get2 1
11 1
u x , t dx y log u x , t dx y 1 F log t q C , ; t G T .Ž . Ž .H H 2 020 0
3.13Ž .
Since
1 yŽ1 r2.x y log x y 1 y log t y C ) 0, for 0 - x - t exp y 1 q C , 4Ž .2 22
; t G T .0
We conclude that
1 yŽ1 r2.u x , t dx G t exp y 1 q C , ; t G T . 4Ž . Ž .H 2 0
0
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Ž . Ž . Ž .Using this and 1.10 with l s 0, inserting 3.12 into 3.1 , we see that
¤ 2t 1
C C log t q 1 G q up dx dtŽ . H H1 ž /20 0
t 1
G p u dx dtH H1 ž /T 00
t yŽ1 r2.G p exp y 1 q C t dt 4Ž . H1 2
T0
2 p t1r2 y T 1r2Ž .1 0s , ; t G T0exp 1 q C 4Ž .2
Ž .which cannot be true. Therefore, 1.18 holds, and the proof of Theo-
rem 1.2 is completed.
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